19¢ Journées de I’'Hydrodynamique
26 — 28 novembre 2024, Nantes

QUELQUES ASPECTS DE LA THEORIES DE DEUXIEME
ORDRE POUR L’INTERACTION DES VAGUES AVEC LES
CORPS FLOTTANTS

SOME ASPECTS OF THE SECOND ORDER THEORIES FOR
INTERACTION OF WATER WAVES WITH FLOATING BODIES

S. MALENICA

sime.malenica@bureauveritas.com

Bureau Veritas Marine & Offshore, Paris, France

Résumé

Différentes formulations du probléme au deuxieme ordre ont été proposé dans la littérature. A
cause des différentes notations, description des mouvements, systemes de coordonnées, points de
référence pour le calcul des moments ..., les différentes formulations ont I’air assez différentes et
quelques malentendus quant a leur interprétation semblent persister. Le but de ce papier est de
comparer les différentes formulations avec I’idée qu’il existe une seule théorie de deuxiéme ordre et
toutes les formulations doivent étre parfaitement les mémes.

Summary

There exist different formulations of the 2nd order wave body interaction problem which have
been proposed in the past. Due to the different notations, description of motions, referent coordinate
systems, reference points for the calculation of the external moments ..., the different formulations
look sometimes quite different and some misunderstandings in their interpretations seems to persist.
The main purpose of this note is to review and compare the different formulations, the basic idea
being that there exists only one good formulation and all the different formulations (if they are
correct) should be perfectly equivalent



1 Introduction

When formulating the second order problem there are different technical issues to be considered and the following four
are probably the most important

Description of the body motions

Evaluation of the loads

Formulation of the Boundary Value Problem (BVP)
Solution of the motion equation

el A

2 Description of the body motions

2.1 Few comments on notations

The compact matrix notations are introduced where [A] is used to denote the n x m matrix with the elements 4;; , (i =
1,n;j = 1,m). At the same time, any vector quantity a = a,i + a,j + a,k is written as a single column matrix {a}.
Finally, to each vector quantity, the skew symmetric matrix [a] is associated as follows:

ay 0 —a, ay
{a} = {ay} , lal=] a, 0 —Qy (1)
a; —ay Gy 0
These notations allow writing the scalar and vector product of two vectors {a} and {b} as:
a-b={a}"{b} , anb=l[a]{b} )
These notations, as well as the description of the nonlinear body dynamics, are inspired by the work of Shabana [6].

2.2 Coordinate systems
Reference is made to Figure 1 where the two coordinate systems are defined:

o (0,x,y,2) Earth fixed inertial coordinate system with arbitrary origin
o (G, x'y', 2" Body fixed coordinate system with the origin at the body center of gravity

Figure 1: Rigid body motion and the different coordinate systems.

Two sets of coordinates (0, x,y,z) and (G, x',y’, z") are related to each other through the transformation matrix [4], so
that for any vector quantity {u} defined in (0, x, v, 2), the following relation is valid:

{u} = [A]{u'} ©)

In the case of rigid body we have {u'} = {u,} so that:

{u} = [A]{u,} (4)

Finally we also note that in the case of rigid body we have {n'} = {n,}.



2.3 Nonlinear rigid body motions
The nonlinear rigid body motions are described by the following position, velocity and the acceleration vectors:

{r}= {re}+[Al{u,} (5)
wy= {ve}+ [A]{ue} = (we} + [Q]{u} (6)
{a} = {ag} + [A]{uo} = {ag} + [Q]{u} + [Q][Q]{u} (7)

where {r;}, {v;} and {a;} are the position, velocity and acceleration of the center of gravity and {Q} is the
instantaneous rotational velocity vector.

The transformation matrix [A] and the instantaneous rotational velocity vector {Q} are related to each other by the
following relation:

[a] = [4](A]" (8)

2.4 Transformation matrix using the Euler angles

There exists many possibilities to describe the instantaneous position and the orientation of the body. Most common
way is to define it by the instantaneous position of the body center of gravity {r;} and the instantaneous rotations
angles of the body fixed coordinate system (Euler angles) {68}:

X gx

{re} = {ya} , {83=10y 9)
Zg 0,

The transformation matrix is obtained by combining the elementary rotations around the different coordinate axis:

1 0 0 cosf, 0 sind, cosf, —sinf, 0
[A,] = [0 cos6, —sin Qx] [4,] = 0 1 0 [4:] = [sin 6, cosb, Ol
0 sin6, cosO, —sin Gy 0 cos Gy 0 0 1

Table 1 :Elementary rotation matrices (roll, pitch and yaw from left to right)

Depending on the choice of the elementary rotation axis and their order of application, there exist 12 different
possibilities to define the Euler angles. Here we use the so called zyx or “321” convention which gives:

[A] = [A]321 = [A3][A2][A1]

cos @, cos @, —sinb,cosb, +cosf,sinf,sinb, sinb,sinb, + cos b, sin b, cos b,
= |sinf,cosf, cosf,cosb, +sinb,sinb,sind, —cosh,sinb, +sinb,sinb, cosd,| (10)
—sin#6, cos 8, sin 8, cos 8, cos 6,

2.5 Rotational velocity vector

Since the Euler rotations are performed about the instantaneous coordinate axis, the instantaneous rotation velocity
vector {Q} is not simple derivative of the rotation angles but the following relation is valid:

cos@,cosf, —sing, 0
{0} =[G]{6} , [G] = [sin@,cosf, cosh, O (11)
—sin#6, 0 1

2.6 Body kinematics at different orders

The body motion is described by the translation of the body center of gravity {r;} — {r,;o} and the instantaneous
rotation angles {8} around the center of gravity. These quantities are developed into the perturbation series up to second
order as follows:

ro} —{re,) = e[rP}+ 2(rP} (0} = {0V} + 2 (0@} (12)
where {rg,} = (x© y© 2©), seeFigure 1.

With these notations, the perturbation series for the different kinematic quantities can be deduced as follows:



e Transformation matrix [4]
[A] = [1]+ £[AD] + £2[A@)] (13)

where [ 1] is the identity matrix (all terms zero except the diagonal elements equal to 1).
Whatever the convention used for the definition of the Euler angles, the transformation matrix at first two order takes
always the following form:

[AD] = [6] |, [4®] = [8®] 3 (H]s + [Hlas) = [6@] 7 [5] 19

where [H]; is the symmetric matrix given by:

(1)? (1)? @ @) @ @)
;" +6, -0,"0, -0,"0;
2 2
[Hls =| -6V 6" +68 —aMeM (15)
@@ @ @) 1)? 1)?
-0,"0; -0;,76,"  6,"" +6;

The matrix [H] s is the skew symmetric matrix, which elements depend on the convention which is used. Within the
convention adopted here “321” we have:

0 o5 0 oMotV
[H],s =|-65"6" 0 JRUN (16)
6P~V 0

It is interesting to observe that the symmetric matrix [H] can also be written as:
[H]s = —[6@][6®] (17)
which follows from the fact that:
[A]"[A] = [1] (18)

 Rotational velocity vector {Q} and its time derivative {Q}

. (@} = {0V} + 2{Q@} |, [} = {QD]} + £2{QP} (19)
WiIth:
{a®}={6w} . {2®}={6@}+[cV]{6W} (20)
@O} =(0%) . (69} = (69) + [6O100) + [6)(0) 2
and [G™] is given by:
0o -o® o
[GD]=[6 0o o0 (22)
-6 0 0

e Normal vector {n}, local displacement {r} — {r,} and local velocity {v}

M} = (no} + efn®} + 2(n®} |, (1} — (ro} = r®} + 2@} |, W) = v D} + 2@} (23)
where:

{(n®} = [a%]{ny} (24)

F®Y = (FP)+ [A0] () (25)

D)= O} + [AD] ) (26)



n@} = [4A®]{n,} @7)
r = @1, [4@ {uy} (28)
{r®} ¢ 1+[a®]

@)= [P+ (A9 (29)
e  Compact normal vector {N}

The compact normal vector allows for describing both the external forces and moments within the same formalism. It is
defined by the following 6 dimensional vector:

W%{ﬁﬁﬁﬂﬂ%ﬁﬁd (30)

where it is understood that the matrix [A] multiplies both the {n,} and [u,]{n,}.
Up to second order we can write:

{N} = (NO} + ¢[ND} + £2{N®} (31)
where:
) — {no} M — [4@ {n,} @) — [4@ {no}
) e P B L) R e S L B 2 P (32)

3 External loads

3.1 Basic principles
The total external loading is composed of the gravity loading and the pressure loading and we formally write:

{F} = {F} +{F"} (33)

Most often in the literature, the external loading is expressed relative to the earth fixed coordinate system (0, x,y,z) . In
that case the gravity force is constant and of the order 0(1). Furthermore, when the reference point for the calculation
of the external moment is chosen to be the center of gravity, the moment due to the gravity is zero. That is not the case
when the formulation relative to the body fixed coordinate system is used.

Figure 2: Instantaneous wetted body surface and its separation into the different integration surfaces.

3.2 Gravity loads
When expressed relative to the earth fixed coordinate system, the gravity loading is of order 0(1) and is given by:

-



3.3 Nonlinear pressure loads

The fully nonlinear pressure loads are obtained by the integration of the pressure over the instantaneous wetted body
surface Sz, and they are written in the compact form as follows:

h
o ={ {;h}} ﬂs P{N}ds (35)

The initial and the instantaneous position and the wetted surface of the body are shown in Figure 2, where the inertial
coordinate system (0, x,y, z) is placed at the mean free surface. This coordinate system is sometimes also called the
hydrodynamic coordinate system since the fluid pressure is defined with respect to it. As already mentioned, the
pressure loads are also expressed in the hydrodynamic coordinate system.

The pressure to be used in (35) is given by the Bernoulli’s equation, and is decomposed into its dynamic and the
hydrostatic part:

a0
P= [E + = (V®)? + gz| = P4 — gz (36)

Similarly, the total pressure loading is also decomposed in two parts as follows:
{F'} = {F'9} + {(F"} @37)

with:
) = — jf |20+ Zwor| yas , (#) = —og ﬂ ZIN}dS (39)

3.4 Pressure at different orders
e Dynamic pressure component P¢

o 1
Pi=el|5; +z<v<1>>2] = eP® +2P@ (39)
with:
GLS) D2 RIS
W= _,9%" @ = _, 92" 1 e _, (@ 40
P o~ o+ P = g{ch Y-e(fr }{v}) (40)

where {r(M} is the displacement vector of the point attached to the body (25).

e Hydrostatic pressure component —pgz

~0gz = —og{ry'{k} = —0g (2 + ez + £22?) (41)
where:
2O = (K} ({re,} + {uo}) = ZG ) ¥ 24 (42)
zW = {K{rW} = Zél) + 9,51)3/0 - 9)(,1)x0 (43)
2@ = {k}T{r(Z)} = ZéZ) + 9352)3’0 - 93(12)x0 - % [H31x0 + H3zzY0 + H3320] (44)

We note that the free surface is defined by z(® = 0 so that we have:

Zolsp, = =25 (45)



4 Direct formulation of the external loading

4.1 Introduction
First we formally decompose the nonlinear pressure loading (35) into perturbation series up to second order:

{F} = {FrO} + fFrD} 4 2{Fr@)} (46)

The direct formulation means that we simply introduce the different perturbation series for the pressure, normal vector
and the wetted body surface into the original expression (35) and we collect the terms of different orders of magnitude.
This is usually done separately for the pure dynamic pressure contribution and the hydrostatic pressure contribution
(38).

In order to be able to decompose the pressure loads at different orders, it is necessary to develop the instantaneous
wetted body surface Sy into different orders of magnitude. Reference is made to Figure 2 and the instantaneous wetted
body surface is decomposed into its mean component S and the perturbed part §Sp:

SB ZSBO +€(6SBl +5SBZ) ZSBO +8653 (47)

The surfaces 6Sp, and 6Sg, are both of the order £ and they are separated here because some authors perform the
integration of the hydrostatic part, separately on §Sg (calm water) and §Sp,. Note that there is no need to look for the
higher order terms in the description of the wetted body surface, because the pressure integration over the higher order
parts will give the loading contributions of the order higher than £2. Furthermore, the integrals over the perturbed
wetted body surfaces can be expressed in the form of the line integral over the mean waterline Cg, as it will be
discussed later.

4.2 Pure hydrodynamic contribution
The pure hydrodynamic contribution {F"4}, at first two orders, is formally written as:

0 1
{Fhi} = —p f fs . [ﬁ + E(v<1>)2] {N}dS = e{FhiD} 4 g2{Fhd@} (48)

Within the direct formulation, the integration over the perturbed wetted body surface is performed directly over the total
perturbed surface §Sg. Up to second order we get:

Thd(l)} ff P(l){N(O)}dS (49)

N
(Fra@) ﬂ (p(z){N(O)}+p(1){N(1)})d5+ng E0 (g0 — (1)){cosy}dc (50)
SBg CBy

4.3 Hydrostatic contribution
The hydrostatic contribution is given by:

{F"} = —og JIS s z{N}dS = {FsO} 4 [Fhs(D} 4 2{Fhs@} (51)

Within the direct formulation of the second order loads, the integration of the hydrostatic pressure over the perturbed
wetted body surface is also performed at once i.e. over §Sg directly. The following expressions are obtained at different
orders

(FrO) = —og f fs ! zO{NOYdS = gV {?g} (52)
(Frsm}= —eg ﬂSB (zW{NO} + zO{NDY)ds (53)
s(2 2 2 DIN@ 1 z(1))? )2 N}
(Frs@) = —og jLBO(Z( HNOY + zOIN®} + zWNDY)ds — 509 JCBO [(J )" - (=) ] cosy dc
(54)



4.4 Total pressure loading
The total pressure loading is obtained by simple summation and the final result is:

R O N©Ogs

(FrO) = —eg ffs = (N} (55)
_ WNOgS — WNO + ,ONDY)g

(PR} = ffsp (N©)ds Qgﬂs%(z (NO) 4 zO(ND})ds (56)
_ @) n© WINDYgs — @) N 0)(N(2) OINDON g

(Fr) = fLBO(p (N} 4 pPOINDY)as ggfLBo(z (NO) 4 zO(N®D) + ;O(ND})ds

1 2 {N©}
Z =) _ @) 2
+ 509 chO (= zW) cosy dc (57)

4.5 Total external loading

In order to calculate the total loading the gravity loading (34), needs to be added to the pressure loading. The total
external loading at the different orders of magnitude becomes:

=)= fo) ©
(FO) = fL POINOYS — g ﬂs (zO{NO} + 2 ONDY)ds (59)

(FO) = ff (PON®) + POND))ds — og ﬂ (DN 1 ZOND) 4 ;OND))ds

1 2 {N©}
Z =) _ )L J
+ > o9 CBO(_. z ) cosy dc (60)

It is interesting to note that the first and second order loadings can also be rewritten as:
{g:(1)} = [A(l)]{Th(O)} + ﬂ- (P(l) _ ng(l)){N(O)}dS (61)
SBg

1 N©
(F®) = [AD|FO} 4 [AD|{FD) + ﬂ (P® — 0gz@){N®}ds + 59 (W~ Z(l))z _{COS y} dc
SBg R

(62)



5 External forces by other formulations

The direct formulation considers the forces and moments at the same time using the compact notations. Usually in the
literature, the forces and the moments are considered separately, and we do the same here.

5.1 Molin & Marion [3]
The final expressions for the total pressure forces are:

% §{ F}:}L = Fi - ?5 ‘\f°
Pl _ DR | gt p LTy T L i ) . .
F —£-F(E+3‘V o 'SF) -t [Kny 3 e Kooy Kyg B

(I1-31) =2 — 1y ” (ReXs _t* [ Kan tn Ko % X (N

4+ Fgo 4+ HDA%I-FNS{ o A0 Ac2-10) [ LSS PRRE SIS (O Ls‘ﬂ ]
1]

=W
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o
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Figure 3: Total pressure force by Molin & Marion (1985).

The description of the nonlinear body motion is such that the antisymmetric part of the second order transformation
matrix [A®] is zero i.e. [H],s = 0. The exact derivation of the above expressions for the forces is discussed below
using the present notations.

5.1.1 Pure hydrodynamic contribution
The pure hydrodynamic contribution is calculated in exactly the same way as within the direct formulation.

5.1.2 Hydrostatic contribution
The total hydrostatic contribution is first decomposed in two parts:

{FhS} — {Fhso} + {FhsE} (63)

where {F"S°} represents the contribution in calm water and {F"s%} is the remaining part:

{F"°} = —eg ﬂs

The contribution {F"s€} is of second order and is given by:

2mds (P = g [| s (64)

Bo1t0SB1 SB2

- 1 2 {no}
hsE2)) — _pq— =)~ 2202
{Fr=®} = —og jc BO(_ ) sosy %€ (65)

The pure hydrostatic contribution in calm water {Fs°} is further rewritten as:

(F's%} = —og f fs o z{n}dS + og f fs z{n}dS — og f fa ) z{n}ds
= ogVik}+og J L z{n}dS —og J L SBlz{n}dS (66)

where the use of the divergence theorem was made:

j L BO+SHOf{no}dS =— f f fv vfav (67)

Up to second order we have:

{FhSO} — ng{k} + S{FhSO(l)}SFZO + 82 ({FhSO(Z)} + {FhSO(Z)}é‘SBl> (68)

SFlg
where:



hs0(1) ®
{Fro®} = g f fs z®{k}ds (69)
Flg
(Fro@) = ng (2@ + 2O[0D])(k}ds (70)
SFIO s
Flg
{Fhso(z)} — _ng ( (1))2 {no} dc 71
8Sp1 cosy (71)
With this in mind the total contribution from the hydrostatic pressure —ggz at second order, becomes:
hs0(2) hs0(2) hsE(2)
(Fs@) = {Fhs }SHO + {F"s }6531 + {FhsE@)}
@ 4 ;W[ 1 V2 _ (2] o}
= o0g (z® + zW[6W]){k}dS — = 0g [(.: ) = (z®) ]—dC (72)
S 2 Cp cosy
0 0
5.1.3 Total pressure forces — Expression 1
The total pressure loading is obtained by summing up the hydrodynamic and the hydrostatic contributions:
{Fh(l)} = ﬂ- PD{ny}ds + og ff zW{k}dS (73)
Sp SFly
(@) = f (PDng} + POR®})ds + og f (2@ + 20[90]) ) ds
SBO SFlo
1 2 {no}
— =0 _ M
+ 2 ¢g Ch, ( ) cosy (74)
The total second order pressure force can also be rewritten as:
ne @ @ WY phm) 4 1 =) _ oy (o)
{(Fr®} = P@{ny}dS + og zD{k}dS + [0V {F'D} +Zpg | (E® -2zW) ——dc (75)
Sp SFl, 2 Ca, cosy

5.1.4 Total pressure force — Expression 2

In Molin & Marion the hydrostatic pressure contribution {F"s°@} is further developed and written in the following
form:

(Proo®) = (P00} (PO} = (g 2eg j ) tanydc - egll J| #@as (76)

SFlo

so that the total second order pressure force can be rewritten as:

(Fren = ff PO {ng}ds + [0D]{FHD]} + g J [2( Wy _zm,w| B
SBg CBy

cos y

—og{k}

f f z®ds + (z0) tany dCl 7
S

Fly CBO

which is the expression (11-31) from Molin & Marion (see Figure 3 above).

5.1.5 Comparisons: Direct vs Molin & Marion
In order for the two formulations (57) and (75) to be equivalent, the following identity needs to be satisfied:

_QQJ

(2@(ny} + 29n®@) + 2O n®})dS = og j (2@ + z0[0W])(k}ds 78)

SBg SFlg

10



Even if this identity follows directly from the use of the divergence theorem, here we demonstrate it by performing the
inverse operation. For that purpose, the same transformation as in Molin & Marion is used, which means that we
construct the closed volume Sp  + Sg;, by adding and subtracting the integral over Sg, to the integral on the left hand

side of (78). The integral over Sp on the left-hand side of (78) is denoted by /5, and we write:

l=-eo [| (O +2OmO) + OO s = 1, + 1, 79)
S

BoiSFlg

where I}O is the integral over the closed volume and 1,%0 is the integral over the waterplane area.
Since z( is zero at Sy, it follows that:

%=wf

which is exactly the same as the integral at the left hand side of (78).
This means that, in order for (78) to be valid, /5 should be equal to zero:

(2@{no} + 20(n®@) + 2O m®})ds = og f (2@ + z0[9W])(k}ds (80)

SFIQ SFlO

B=-o[ P+ Op®) 2 0mOas =0 o~
S

BotSFly

To prove that we evaluate the different terms separately as follows:

J-J.-S‘30+Splo

20 [4?] frg}as = ([ 0] [}[ ﬂSB . O’ }dS——([ (2)]—%[ﬂ]){k}V

2Otnolds = - [[[ voar = - (64} = 670 = 5 0110+ Haalf) + Hs (] )V

Il

Bo+SFIy
Iy, @ _ _[q® _ _[aM](p® A
Il 2 1A s = ﬂ o, 2007 moas =~[o] [[] eatvav — - 0] (02 - @) v

By noting that [H1{k} = H5{i} + H,3{j} + H;;{k} and after summing up all the contributions, we get:
| Wy, 1 - wyw , 1 .
I = eg 0826 + 2 (93, + 36,)| (1) + |06 + 2 (95, + 36,5)| 1)) s = 0 (52)
Spat+SE

From the description of the body motion we can deduce the following identities:

Haz = _92(1)9}(]1) +Hyy , Mz =—0"00 + Hyy , H;, = _92(1)93(/1) —Hyy , My =—0"0 — Hys
(83)

and it can be concluded that the identity (82) is satisfied.

11



5.2 Ogilvie [4]

Similar to Molin & Marion, the forces and the moments are considered separately, and first we concentrate on the
forces. The total hydrodynamic forces are given by the following expression:

F = pgvk
- ep [” ¢y 40 + ghyp (E3pyeluy - xfﬁsﬂkl
Sm
- e%p [” {n[¢gt+%[i‘¢111+ (G +op=X)=¥8), ) + ['H"“]htl"ﬂﬂ

Sm

- %g# dak H{EE - 20,183 +¥&y - 3551]}
Cm

+ ghp{ (Bgg + vefup ~ %glsp) + 86y (xebyy +¥gSsy) 1K

+oteh , (73)
Figure 4: Total pressure force by Ogilvie (1984).

Within the present notations we can rewrite the above expression in the following form:

{(Fr@} = f f P@fny}ds + [V]{FriD} + og j E ()" - 5<1>z<1>] {ny}dC — og{k} J f z®ds
SBy

CBy SFlg
(84)
When compared to the expression (77) of Molin & Marion, the last term in (77) is missing here:
1 )2
—Egg{k} (zV) tany dc (85)
CBO
Another difference is that the term 1/cos y , in the line integral, is also missing.
Knowing that, for the wall-sided bodies, we have:
cosy=1 , tany=0 (86)

it is concluded that the Ogilvie’s formulation is valid for the wall-sided bodies only.

12



5.3 Pinkster [5]

Here again the forces and the moments are considered separately and the following expression is given for the forces:

2 .
F2 = - [ gpgr!M) Har + @) x x4
WL 9
~ff {-%p|Vo 1|2 - o@éz) - p(i(l).V¢él))}B.ds +
So
g ) -ogXQZ).H.ds + al?) (0,0,pgV)
S
0

Figure 5: Total pressure force by Pinkster (1980).

Within the present notations this can be rewritten as:

{Fh®} = ff P@{n,}dS + og ff
S,

SFIO

1
zP{k}ds + [6V{Fr W} + =09 (E® — z20)* {ny}dc (87)
CBy

This expression looks the same as the expression (75) from Molin & Marion, for wall-sided bodies.
However, the definition of the second order vertical displacement is not the same (44), and here it is defined as:

Z(Z) = ZéZ) + 9352)}’0 - 9)(,2))(0 (88)

This means that the quadratic component [#£] of the second order transformation matrix [A@] is taken to be zero in
Pinkster’s formulation. This is an error.
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5.4 Chen [1]

Here also the forces and the moments are considered separately, but they are collected at the end into the compact
generalized loading vector which includes both the forces and the moments. The notations are however different and the
brackets [ ] are used to denote the generalized loading vector. Three coordinate systems are introduced:

o (o',x',y',z")  absolute (earth fixed) coordinate system (origin at the free surface)
e (0,x,v,2) coordinate system parallel to absolute with the origin at the initial center of gravity
e (0,XY,2) body fixed coordinate system with the origin at the center of gravity

Figure 6: Coordinate systems and body motions in Chen’s description (from [1]).

The equation of motion is written with respect to the instantaneous position of the center of gravity. However the
external moments are defined with respect to the initial (mean) position of the center of gravity:

(4.31) M (t) = H P(M,t)-T A n 4dS(M) T=oM=1L+R . OM (89)
: -

Before solving the motion equation the moments are transferred to the instantaneous position of the center of gravity.
The hydrodynamic loading is decomposed into three components. The first two components are given by the
expressions (90) and (91) below:

(s.z8)  rr_ 20" =m0 e 0 (H) - 3ea] (e N2 g ar
Co
(90)
+ %p” (ve{1)y2 1x7 as + leJ- M?E“’-g?w(")-[m as
Seo Sco
(2) _ 8 _(2)
(s.27) g3} p” ot®m as 1)

Seo

where the generalized normal vector [N] is introduced, in a similar way as in the direct approach, so that we have:

{ny} } {no}
N] = { = {NO©} = { } 92
N = Uiy ned) = V= g limo) 2
Within the present notations the sum of the two components (90) and (91) can be written as:
) 1 2 {N(O)}
[Fex1]® + [Fyl;” = [AD{FD} + J f PA{NO®}gs + 89 j (E® - zW) mdc (93)
SBg CBg

At the same time, the loading component which is induced by the hydrostatic pressure, is considered separately and the
corresponding expression is given by the expression (94) below:
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(4.57) 122" @ —rxrorar®) - xaedy RO e pgf 20 o as (04)
éS

However, it should be noted that the last two terms of [F5]® in (94) are already included in the expression for [Fey,]®
(90) so that the total second order hydrodynamic loading {:F(Z)} is written as:

(FO} = [Foy 1@ + [Fy]? + [K][a]® + [ K ][4] (95)

In order for (95) to be valid the following identity should be true:

K
Kl + [K](a] = —eg | (2N + 20 as = ) = {170} %)
SBg
where [ K] is the classical linear hydrostatic restoring matrix and:
@)
@ _ {ra } a1 _ W2, g2 pWp@) _ gy )"

[a]® = {{0(2)}} , A= fo 0 -z,(6M +6) 6P -6 o} (97)
with Z,, denoting the vertical coordinate of the mean free surface in the earth fixed coordinate system which means the
initial position of the center of gravity z,§°> within the present notations.

With the help of the divergence theorem the following expressions can be deduced:
(FK}= og f f z®(k}ds (98)
SFl()
© 9;52) 1 —Hs,
M= eg [| #PTuoltids - egvai? (gt + 5[ #on } (%9)
SFly 0
0

where the fact that, within the Chen’s formulation, the matrix [#] is symmetric, was used and Z,go) denotes the initial
position of the center of buoyancy.
The above expressions are usually rewritten in the following form:

0 1 0
{F}} = 0 +o 0 (100)
@ 0@k 0@k 2| © _
Z; K3z + 0, K3y + 0,77 K35 Zg Hi3K33 — H3pK34 + Hi K

Zéz)KszL + 07K,y + 93(12)1(45 1 ZE;O)}[33K34 — H32Kas + H31Kys
Ky _ z
M} = ZéZ)Kss + 9;52)K45 + 93(12)1(55 + 2 220)7{331(35 — H3yKys + H31Kss (102)
0 0

where the classical restoring coefficients K;; were introduced.
This allows writing the total generalized loading vector {FX} in the form:

{FY = [KI{§®} + [K1{E®} (102)

where:

T - 1 T
{%—(2)} = {xc(:Z) YéZ) Zc(:Z) 9:52) 63(/2) 62(2)} ’ {5(2)} = E{O 0 220)7’%3 —Hzy Haz 0}
(103)
Knowing that, within the notations used by Chen [1] , we have:

2 2
Hsy = _92(1)9251) » Hsp = _92(1)9)(/1) » Haz = 93(11) + 9:51) (104)

it can be concluded that the identity (96) is satisfied.
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6 External moments

6.1 Introduction
Within the direct formulation of the external loading, the forces and the moments are considered together using the
compact notations:

={)

which leads to the generalized expressions at each order of magnitude, in relatively simple form (58),(59),(60).
However, most often in the literature the forces and the moments are considered separately, and here we discuss the
comparisons for the moments. We also note that the formulation proposed by Chen [1], where the same generalized
notations are used is not considered explicitly here.

6.2 Choice of the reference point for the moments

When considering the moments, the first convention to be agreed on, is the reference point for moment’s definition. The
choice of this point is arbitrary. Since the motion equation is usually written with respect to the instantaneous position
of the center of gravity, it seems natural to choose this point as the reference for the definition of the moments.
However, some authors use the different points such as: origin of the inertial coordinate system, position of the initial
center of gravity or some others. When expressed with respect to the center of gravity, the fully nonlinear pressure
induced external moment is given by the following expression:

(M} = j f Plul{n}ds (106)
SB

Within the direct formulation, the reference point for the definition of the moments is the instantaneous position of the
center of gravity.

6.3 Molin & Marion [3]

The final expressions of Molin & Marion’s formulation are shown in Figure 7 below.

k'&k 1:5 N Ky &.I'“
‘d"m - Kig 3\:; + kay [..Lln
4]
Ky, }é" k 10 . )
i + Ly ) . .
(b n o~ _ ¥ LY W ol
C'z J.r W GoPopinsdl -2 e ] w3+ Ruy
il e A o + Koy =
Ifn P'ﬁb 1(“ 31%3 ‘1 [ —| ks 'b"Lh‘-' kss P;U—l
4]
5
. W0 o SIVOR wh Y byl |
?‘a’: H -P@_%(L;l‘\??(“i E:PJDV%_EQ)) m@‘. dg . [K;s 3:,*— kg B r;iku{d [ ,:5'{:’»,;-}“[&&.
iu, tE ok A-1-7) _ k'\H 3\: .‘)-\+ k\‘hupu&l‘*_i Y ILaf‘"E ‘\_wlhg;; _‘L‘ 'Kr,-ol“’k‘"
L o
(11-32) +z‘1’}\y—€g¥>ﬁm3 40 N C_;E‘fn [
™ &
] B ) Bhas e - Al P2 |
M th

°

~L

1] [15‘-&‘“>‘+d‘“‘})t{—x]¥bh dr
i

- : |
Figure 7: Hydrodynamic pressure moment by Molin & Marion.

The reference point for the definition of the moments is the instantaneous position of the center of gravity. The above
expressions are now discussed using the present notations.

16



6.3.1 Pure hydrodynamic contribution

Similar to the forces, the pure hydrodynamic contribution is exactly the same as in the direct formulation and we recall

it here:
(MM} = ﬂ- PD[u,yl{ny}ds
SB

(1)) uO {no} dc

_ (2) W[ (D) (=) _
(@) = ﬂSBO(p + PO[OO]) [ugl{no}dS + 0g | ED(E s

(9

6.3.2 Hydrostatic contribution
The total hydrostatic contribution is first decomposed in two parts:

{Mhs} — {MhSO} + {MhSE}

where {M"s°} represents the contribution in calm water and {M"$%} is the remaining part:

(M0} = —gg ff s, (%) = g fL Z[ul(n}ds

SB2
The contribution {M"s%} is of second order and is given by:

1 ( (1)) uO {no} dc

hsE(2)) — _
{M } Q‘q cosy

CBy

The pure hydrostatic contribution in calm water {M"s°} is further rewritten as:

P g ff Zul{n}dS — og jL Zul{n}ds

SB1

oy ff aAulnlds - ag ﬂf 1Gu)avy — og jL Zul{n}ds

SB1
where the use of the divergence theorem was made.
The total pure hydrostatic contribution in calm water {M"*°} is decomposed in three parts:

(M) = (Mg, -+ (MY + (M),

where {Mhso}splo , {M"s%};, and {M"°} 4, are respectively, the first, second and third term in (112).

. Component{Mhso}sﬂ0
MY, =eg || slulimas
° SFlo

This can be developed as:

M™%, =g f f

SFlgy

so that, at different orders we have:

{MhSO(l)}sFl = 0g ff Z(1)[u0 l{k}ds {MhSO(Z)}s” = QgJ. (Z(z) +Z(1)[9(1)D[u0]{k}d5
Sk 0

SFlo

e  Component {M"s°},
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z[ul{n}ds = (1 + ¢[6W]) J-f (ez(l) + 22 [uy){k}ds

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)



This component can be written as:
) _A23
), = ~eg ||| WIGEDW, = —egra”] 4, (117)
Vo 0

where A;; and A,5 are the elements of the transformation matrix.
At different orders we have:

6} (€9) 0 (2)

© o) 1(7Hes

{MhSO(l)}V QgVZ 9(1) B {MhSO(Z)}V QgVZ 93(}2) — E _‘]—[13 (118)
0 0 0
e Component {M"*%}s;
M55, = —eg || slulimas (119)
8Sp1
This term is of second order and is given by:
1 [ugl{n }

(M0} s,, = ( () 20 (120)

cosy

6.3.3 Total pressure induced moment
The total pressure induced moment {M} is obtained by summing up the different contributions

{M} = {M"} + {(M"5} + (M"Y, + (M0}, + (M}, (121)

The following expressions are deduced:

9(1)
{M®} = ff PO[u,l{no}ds + og ﬂ z®[ug]{n,}ds — ogVz® 9(1) (122)
SBo SFly 0
M@} = f f (P@ + PD[OW])[u,]{n,}dS + og j (2@ + zD[0D])[uo]{no}ds
SBo SFl,

o
—ogVzy 0P (5
0

(123)

1{7Hs)) 1 Ly [alln)
2

His (| +500 | (B -
0 cosy

CBO

where we note that, for the formulation of Molin & Marion, we have H,; = —6"6" and 7,5 = —6{6".

It should also be noted that further transformations were made in Molin & Marion (1985) and the expression (123) is
rewritten in the different form as shown in Figure 7. We do not do this here.

6.3.4 Comparisons Molin & Marion vs direct
First we recall the expressions to be compared:

e Direct formulation

(M@} = ff (P@ + PO[OO])ug]{no}dS — 0g f (z® + zO[AD] + zD[D]) [uo] o }dS
SBg SBg
(1)) uO {no}

_|_ 1 _
2%9 Cag € cosy

ac (124)

e Molin & Marion’s formulation
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(M®) = ff (P® + PO[OD]) [l {m0}dS + 0g ff (2@ + 20[0D]) 1o} (o} dS
SBg SFlg

@
6 '
1) 72 1 - 2 [up]{n}
—ogVz® 2 _E{ }[13} +50g | (EW-2zW) %dc (125)
O O CBO y

It follows that, in order for the two formulations to be equivalent, the following identity should be verified:

_ng (2@ + 20[A®] + 2O[0D])[up o} dS

IM(): ss
0
(2)
@ 4 ,W[gM) o] 1(7 e
= o4 (z® + zV[0W)])[u,]{ny}dS — 0gVzy 93()2) —3 s (126)
SFIQ
0

Similar to the forces, this identity follows directly from the divergence theorem but here we demonstrate it again using
the inverse approach. For that purpose, the integral I, is decomposed in two parts:

hwo==eg [| P+ 2O+ O[O uolnolas = I, + I, (127)
S

BoESFIlg

where I,%,O is the integral over the closed volume and I,E,O is the integral over the waterplane area.
Knowing that:

I, = ng (z® + zO[AP] + zW[0W])[ue]{n,}dS = og ff (z® + zW[0D])[u,]{n,}dS
SFlgy SFlg ( )
128
it follows that, in order for (126) to be satisfied, the following should be true:
67) 1 (~Has
Iy, = —eg ff (2@ + zO[A@] + 2D [0 [ue](ne}dS = —0gVz” | { 9@t — =] Hys
SBotSFly 3(/) 2
(129)
Each term in 11.140 is developed separately:
6] | (—Hs
f f 2@ [u,]{ng)ds = j j VI(z@ue})av = vz [ { g2 | + —{ Hay }
Sz +Sri v y 2 0
0
1
Il 2o a® mmoas = (6@ -3 1)) [[] 1910 + ")}y = 0
SBo+SFi, 2 v
_pgW @
W [g® a a 1 (0) % "0
ﬂ z [A ][uo]{no}ds = [6%] Jﬂ [V1[(zg )+ oMy, - 93(/ Xo){uo}]av = vzy ISP
SBo+SFi, v z X
0
After summing the three terms it follows that:
o 9952) —Hs, o _92(1)9)(/1) o 9352) 1 — T,
Vzy 9)(}2) + 5 Hsq +Vzy 92(1)9951) =Vzy 9)(/2) 3 His (130)
0 0 0 0 0

Knowing that the elements of the matrix [#] are given by (83) it can be concluded that the identity (130) is satisfied,
which completes the proof of the equivalence of two formulations.
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6.4 Ogilvie [4]

The following expression is given up to second order:

o
il

‘pgv(;u'b'i—xb.]]' - £p j:( (%= ﬂl¢1td0'
S

~Vip1 +yehupia) t (2pVtla2) By — L12bs) ~XbVie)
- Epg v!;‘u - xfhﬂp.zu 'Ll.zElrl + (zbvﬂ.“]gs! - YbVE.El
0

- 2 ” [(xx n}{cpzt + -2lz[wu|z + -;:1+u1xxJ-v¢1t}
s
n + {t.glxn)+u1x{xxn}}¢1t] do

1
2

+

Englj; ai (XKIH{C?_ - 2‘31[531"'1"541"‘551]}
Cm

+ other second-order terms with i and J  components
+aledy : (74)

Figure 8: Moments up to second order, by Ogilvie [4].

The reference point for the definition of the moments is the origin of the inertial coordinate system which is located at
the mean position of the free surface with an arbitrary horizontal location. The expressions which are given in [4] are
incomplete and do not allow for detailed comparisons.

It is also important to note that, in the Ogilvie’s formulation, the convention “123” is used for the definition of the Euler
angles (care when interpreting because the transpose of the transformation matrix is first introduced). This means that
the antisymmetric matrix [H] 45 is:

0 -6V -
[H]as = 6576 0 —aMe® (131)
o6l oMV 0

This fact does not represent any particular problem, and the motions of the floating body should remain the same as for
any other convention for defining the transformation matrix.
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6.5 Pinkster [5]

The following expression is given for the second order external moment:

)
M(Z) = - | %Ogi(l) (X x n).dL + a(l) x (T cx(l)) i,
WL X
_)’j {_%pl§¢(l)[2 - p@ 2) = o(g(l) ‘v‘d)é].))}
S
0
- = (2) =, =
(x x n).ds - [[ -pgX;”’.(x x n).ds
S
0

(III-74)
Figure 9: Second order moment by Pinkster.
It should be noted that the reference point for the definition of the moments is the instantaneous position of the center of
gravity i.e. the same as in direct formulation and that by Molin & Marion [3]. It follows that the expression for the

second order moment (Figure 9) is the same as the one given by direct formulation. Once again, the only difference is
the fact that the quadratic term [#£] in the second order transformation matrix is missing.
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7 Boundary Value Problems

The critical elements in the definition of the Boundary Value Problems for the velocity potentials at different order are

the boundary conditions at the free surface and on the body.

7.1 Free surface boundary condition
The free surface boundary conditions are the same in all formulations. They are given by:

20 9o

acz "9 57 <
OZCD(Z) 6¢,(2) 2v¢)(1)va¢,(1)+13¢(1) 63<D(1)+ 62<b(1)
9z T9 57 = ot g ot |atzaz T 9 9z

The corresponding wave elevations are also the same and given by:

D
=0 = _laq)
g ot
) @ 52
=) = _1 ai+1(vq)(1) z_laq) o°e
gl ot 2 g 0t 0dtoZ

7.2 Body boundary condition

7.2.1 Direct formulation

(132)

(133)

(134)

(135)

The fluid velocity at the instantaneous position on the body is written as a function of its value at rest using the Taylor

series expansion:
Vo) = VO (rg) + ({r — 1o} {VHVD(ry)
The displacement of the point attached to the body being given by (23), we can write:

Vo) = e{vo®} + £2 [{Vo @} + (r®} (v}) {vo®}]

so that the body boundary conditions at first two orders become:

(v} (ny)
(0@} - (D) @) (Fo®)] e} + () — (F0®)) (nD)

where the relations (24) to (29) should be used for the different first and second order quantities.

(Vo) (ny}

{(Vo@) (ny}

7.2.2 Molin & Marion [3]
The following expressions are given:

. au premier ordre :

3 _"1'.“ —F
(11-19) 7EVR). e = V. We

. au deuxidéme ordre :

—

(11-20)

Figure 10: Body boundary conditions at different orders, by Molin & Marion.

Within the present notations we have:

flo={no} , PPD={r®} | AW ={n®} | VO =0} | V@ = (p®)

22

rE(ey. 2 = TR LV vt WL AR ) W

(136)

(137)

(138)

(139)
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In Molin & Marion (1985), the velocity components VX and ¥ seem to not be given explicitly in time domain, but in
frequency domain only. However they can be deduced by adding to the translational velocity of the center of gravity,
the relative velocity of the point around the center of gravity which are given by:

« (1 » . q ) . *(1)
:r.l I [ o] ~Wy l’ X ;__U.) —Fbmﬁ[” kS)l__lu —wg;,-;+°{m 0] m%}.,.dmr ¥
Al - 1 wg? o mﬂgnrl y ta(:.) - W[;E’a- oc"’;%‘“ _QP o _wfﬂ ésss_(u
sl 1 t | {1-12) . 9 )
o) L W o |2 o Lsaer un e epgP| |

Figure 11: Velocity of the point attached to the body in Molin & Marion.

Using the notations from Molin & Marion, it follows that:

'-(1)' - . 5(1) 1
R TO R IO
v = yél) +| y® 0 —a®|ly (141)
_Z(l)_ -_B(l) a@® 0 VA
O, . 2) 1
Xg 0 @ gD 1y
VO = 3@+ y® 0o  -a®||r
_Z((;Z)_ |- 4@ 0 Z
'_[g(l)ﬁ'(l) — y(l))'/(l) a(l)ﬁ'(l) a(l)y(l) X
n PIOYIEY —a@g® — ;) By Y (142)
Gy @ [0, @ —aWa® _ gwpw|lz
Within the present notations V" and V® correspond to {vV} and {v®} which are recalled here in the form:
@1 — (+D) 4[4 @) _ [+ 21 Lia 143
p@) = FO 001w @)= (0} + ([69] - 5[] ) o} (143)

Within the formulation of Molin & Marion, the quadratic part [#£] , of the second order transformation matrix is given
by [H] = [H] so that we have:

2(000 +0087) 600 ® —ePpY e — pMpY
[7¢] = [A], =| -85 6 — 606" (9(1)9(” 9“)9“)) —6a() — pM) (144)
_951)99((1) 9(1)9(1) _951)9)(/1) 9(1)9(1) (9(1)9(1) + 6(1)6(1))

In Molin & Marion, the matrix [J-t] is further simplified by assuming the periodic motion, which apparently requires
that:

[60][6®] = [60][6D] (145)
so that finally we have:
—oeY — gV oo AR
1. 1..
—5[#] =3 [H], = 9(1)9(1) 9(1)9(1) o™ 8t (146)
9(1)9(1) 5(1)9(1) 5(1)9(1) 9(1)9(1)

This is the last term in (142) so that the equivalence of the expressions (143) and (142) is demonstrated.
It is important to note that the quadratic term [#] being different in the direct approach, within the “321” convention
for Euler angles, the following expression is obtained for its time derivative:

-6 — Vo 6V + VoM §MeM + oM oM
1. : @ :
—5|#] = 0 -0M6M —0P6M  6Ma + 6N oM (147)
0 0 —5765" — MM

23



7.2.3 Odgilvie [4]

The expressions given by Ogilvie are:

n'e94, = n'e(f; rapxx'] ; (69a)
nt'f¢2 = nj-{[é2-+&2xx'] + éxl = [i£14-u1!x'1~?]?¢1}
+ (apn' ) Epra X'y - 96,1 . (69b)

Figure 12: Body boundary conditions at different orders, by Ogilvie

It can be seen that the formulation is the same as in the direct approach provided that the quadratic term [#] , in the
second order transformation matrix, corresponds to the “123” convention for Euler angles.

7.2.4 Pinkster [5]
The expressions given by Pinkster are:

surface. The first order boundary condition becomes:

T e B S L u v s s e s 5w s & e e s oa s (TET-33)

The second order boundary condition becomes:

(1) e k) =

Vo (2) BTt s FY - T

.no= = (X
M s e EE S L EEE RS e ow CLLT-34]
Figure 13: Body boundary conditions at different orders, by Pinkster.

It can be seen that the expression takes the same form as in the direct approach. However, as already mentioned
Pinkster formulation contains an error because the quadratic term [#£] , in the second order transformation matrix, is

missing, which is not correct.

7.2.5 Chen[1]
The expressions given by Chen are:

2 (k)| ek = L (k)
an |Sco Vg To A,
L1

Ab [s]

A0 = [0 -0 a0, - [ s

Figure 14: Body boundary conditions at different orders, by Chen.
where, using the present notations, the velocities V(El) and V,(Ez) are defined by:
v =[O} + 00y VP = (7P} + [69]u) (148)

This means that the quadratic term [#£] is missing which is not correct.
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8 Inertial loading & motion equations

8.1 General

The inertial loading follows from the conservation laws for the linear {P} and the angular momentum {L} which are
defined as follows:
{P} = [m]{irs} , {L}=[Ige]{Q} (149)

where [I 4] denotes the rotational inertia matrix which is defined by:

Ixx y _uyux U Uy
o] = |y yz = ff [u]”[u] pdV = ﬂ-f —uxuy uz +ui  —uuy, | pdV (150)
L., VB VE| —u,u, —uyu, uj+ui

The corresponding time derivatives of the linear and the angular momentums (149) are given by:
{P}=[ml{ic} , {L} = [Hool{Q} + [Q1[14s]{Q} (151)
Due to the body motions the rotational inertia matrix [I44] depends on time through the following relation:

[Tg6] = [Al[I46][A]" (152)

where [I,] denotes the rotational inertia matrix expressed in the body fixed coordinate system:

y —UpyUpy —UpzUox
[Iy] Jﬂ- [ug]" [u,] pdV = fﬂ quuoy ud, +udy  —UgUoy | pdV (153)
VB A4
B UpxUoz —UpyUpz u(%y + u(Z)x

The second order rotational motion is considered in details only.

8.2 Direct approach
The relation (152) is first developed up to second order:

(Hgg]l = [Tye] + 5([‘4(1)][1’99] - [1’99][1‘1(1)]) (154)
It follows that the time derivative of the angular momentum at second order becomes:
{L®} = o1 {Q@} + ([AD]Uge] - Ho)[AV{QVY + [2] 1156 1{0 D} (155)
This can be rewritten in terms of the rotational angles as follows:

(L9} = U5 )(0) + [6V1(6) + [61 8 + (07111 - [0 DB} + [0 1116 )

(156)
In frequency domain this becomes:
(LD} = —40?[I5,]{6P} — w?([I50][6P]{6D] + [6©V](1501{06D)) (157)
8.3 Molin & Marion [3]
It can be shown that, in this case we have:
[¢D] = %[9(1)] (158)
so that we can write:
(L) = U510 + ([0]1Th6] 5 T21[6]) () + [6©] 151 (6) (159)

In frequency domain this becomes:
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(L) = ~402113,}{8) - (07|15 1{0) e

In [3], the final equilibrium equation for the rotational motion is given in frequency domain as:

Nfb & 0 (T -Iy) 8} T
1z il R0 2 [ [ [ o0 (L - )4 729 Ty (161)

w| | o (Tyy- ) + € 1 Ixz

where the body was assumed to be symmetric i.e. Iy, = I,; = 0.
In order for (160) and (161) to be equivalent, the following identity should be verified:

661, — 11y) + 6651,
[60] )00} = { 0760 (U — 13,) + (65 - 08°) 13, (162)
9351)93(/1)(1;3’ - Iﬁrcx) - 63()1)92(1)1922

This can be easily demonstrated by developing [8®][I5,1{6V}. When doing that a typo error was found in the
expression (161). The sign of last term in the quadratic inertia vector should change gy M1, = —pWy W1, ,

8.4 Ogilvie [4]
In [4] the description of the body motion is very particular and quite different from others.

8.4.1 Translation

The reference translation vector, for the definition of the body motion, is the translation of the origin of the body
coordinate system and not the translation of the center of gravity, like in other formulations. The origin of the mean
body fixed coordinate system (equal to the earth fixed coordinate system at initial instant) is placed at an arbitrary point
in the plane of the free surface. This means that the unknowns of the translational (force) component of the body motion
equation are the components of this reference translation and the translation of the body center of gravity is deduced in
the second step, after solving the complete motion equation. The reference translation vector (motion of the origin of
the coordinate system) is denoted by:

£ = (£y,85,8q) (163)

The body motion equation is deduced from the conservation of the linear and angular momentum (Euler Newton law)
where the reference translational motion is the translation of the center of gravity:

F o= mig (164)

This particular description of the body dynamics leads to quite unusual expressions for the translational component of
the body motion equation, in terms of the unknown translational vector :

m{E]_ + alxXé] = Fl

w “ . (165)
wlE, + axX5]l = F, - mix;
8.4.2 Rotation
The rotational component of the body motion equation is written as:
6 = X (166)

dt
where, within the present notations, G¢ corresponds to {M} and K corresponds to {L}.

The instantaneous orientation of the body (rotation) is described using the concept of the Euler angles with the “123”
convention. The final rotational part of the body motion equation is given in the following form:
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laj = G - xgxF, ; | . (s2a)

(167)

laj G, - xgxFy - wixle) - ayxG) - £,xF, + x;x (@xF)) . (82b)

The different terms on the right hand side of (167) occur because of the particular choice of the description of the body
motion which requires the transfer of the moments from the origin of the inertial coordinate system to the instantaneous
center of gravity and, in addition, the transfer of the different quantities from the inertial to the body fixed coordinate
system.

As it can be seen the motion equation (167) is written in terms of the rotational velocity vector w’ which, in addition, is
expressed relative to the body fixed coordinate system. Within the present notations, this vector corresponds to:

o' = [A]"{Q} = [A]"[G]{6} (168)

which gives at different orders:
W) = {Q'(l)} = {9(1)} , wh = {Q'(Z)} = {9(2)} + [G'(l)]{g(l)} (169)
ap= (@O} =00} 0 = (@@} = (5] + [¢O)60) + [6 D5V 170)

In principle, there is nothing wrong with the motion equation (167) but it looks unnecessary complicated compared to
the equivalent expression which could be obtained from the direct approach in the following form:

[156]{02'®} = (M@} — [@" V] (1] {0/} (171)

In addition, the fact that the motion equation is written with respect to the rotational velocity vector requires the
additional step when evaluating the instantaneous orientation of the body (rotation angles {8}), at each time step.

8.5 Pinkster [5]
The second order motion equation is not discussed, at least not in [5].

8.6 Chen [1]
In Chen [1] the moment of inertia is defined as:
- - - az - —
(4.14) M(t) = J'” T, A a(M,t) dm = paEIII £, A NaM(t) av 172)
v v

It looks like the expression is not correct because the acceleration is defined in the earth fixed (inertial) coordinate
system while the position vector is defined in the body fixed coordinate system. The correct expression is:

M=Jjj?/\d’pdV (173)

where 7 is the position vector relative to the instantaneous position of the center of gravity, expressed in the earth fixed
coordinate system.

7 = R(7) (174)

We can now rewrite the expression (173) as:

M= fﬂ ?OAdpdVJrﬂf R(#y) AdpdV (175)

which means that the second term is missing in the expression (172).
The expression (173) can also be rewritten as:

v d > -
M=EfffrAvpdV (176)
v

In order to demonstrate that this expression is valid, we recall the following definitions:
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at’ QA7

V= B,+Q0A7

5 d ., _ = L, =
a= Ev—aG+QAr+QA(

Now we develop the expression (176) as follows:

= [ (L no ) o
—fff(ErAv TAEU p
v

It follows that in order for (176) to be valid, the following should be true:
M= f f 4 i nBpav =0
= i rAvpdlV =
v

This can be easily demonstrated by using the following identities:

jﬂ?pdeo , ﬂ (QA?) ABpdV =0
\4 v

Finally, within the present notations we can write:

M = {L} = [T50){2} + [Q][90]{}

(177)

(178)

(179)

(180)

(181)

This proves that the expression (173) is fully equivalent to the expression (151), which was obtained by considering the

conservation of the angular momentum.
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9 Discussions

Here we summarize the main characteristics of the different formulations and we compare them to the direct approach
which was proposed here.

9.1 Molin & Marion [3]

9.2

9.3

The description of the body motion is bit particular when compared to other formulations. This means that the
transformation matrix is not explicitly defined for the fully nonlinear body motions. However, up to second
order the same expressions as those given by Chen [1] are obtained. The particularity of this description of the
body motion is that the antisymmetric part of the quadratic term, in the definition of the second order
transformation matrix [A®], is zero:

[H] s = [0] (182)

The symmetric part of the second order transformation matrix is the same as in other formulations, and is given
by:

[H]s = —[6][6] (183)

The body motion equation in the time domain is not explicitly given (at different orders) but in the frequency
domain only.

In this formulation everything agrees with the direct formulation except the sign of the last term in the
rotational inertia moment (161) which should be negative. This means that the following change should be
made:

3(1)]/(1)1)(2 = _,3(1)]/(1)1)(2 (184)

Ogilvie [4]

The description of the body dynamics is different from other formulations in the sense that the reference
translation is defined as the translation of the origin of the coordinate system fixed to the body, which is not
necessarily the body center of gravity. This fact give rise to some additional components in the excitation
loading which occur when formulating the body motion equation.

The concept of Euler angles is used to describe the nonlinear orientation of the body, within the so called
“123” convention. Care should be taken when interpreting the transformation matrix because its transpose is
first introduced.

The external pressure forces agree with the direct formulation for the wall-sided bodies. The case of non wall-
sided bodies was not considered.

The external pressure moments are defined with respect to the origin of the inertial coordinate system, which
was chosen to be located at the free surface with an arbitrary horizontal position. The expressions given for the
moments appears to be incomplete and it was not possible to make the direct comparisons. Having said that, if
the developments of the external moments have been performed till the end, most probably the same results
would be obtained, because the same basic principles for their derivation are used.

The Boundary Value Problems for the velocity potentials agree with the direct approach.

Pinkster [5]

The body motion equation is not considered but only the external loads and the BVP’s for the velocity
potentials.

The fully nonlinear description of the body motion was not considered and the development at different orders
is given directly, which led to the fact that the quadratic term in the second order transformation matrix [F]
has been forgotten. This represents the main drawback of the Pinksters formulation and it has the consequences
on several issues (external forces, body boundary condition, motion equations ...)

When considering the external pressure loading, the wall-sided bodies are considered only.

Apart from the missing term [#], the expressions for the external pressure loading and the formulations of the
BVP’s agree with the direct approach.
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9.4 Chen [1]

e The body motion is described using the Rodriguez formula (e.g. see Shabana [6]). Up to second order, this
description leads to the same expressions as those given by Molin & Marion [3].

e The pressure loading is first evaluated with respect to the initial position of the origin of the inertial (earth
fixed) coordinate system, and is transferred to the instantaneous position of the center of gravity before solving
the motion equation.

e The body motion equation is given both in the frequency and in the time domain.

e All the relevant aspects of the second order formulation agree with the direct approach except:

— The term [3-[] is missing in the definition of the body boundary condition for the second order
velocity potential.

— In the definition of the rotational component of the body inertia loading, the following term is
missing:

ﬂ-f R(%) AdpdV (185)

10 Conclusions

A comprehensive review of the most common formulations for the interactions of water waves and the floating rigid
body is presented. The different notations, coordinate systems, description of nonlinear body motion ..., made the
exercise quite complex. It has been shown that the different formulations are fully equivalent in principle, except that
some small errors are present in some of the formulations.

Traditionally the second order problem is usually formulated with respect to the earth fixed coordinate system and that
is why the direct formulation which has been proposed here is also formulated in the earth fixed coordinate system. The
formulation in the body fixed coordinate system was not discussed. Formulating the problem in the body fixed
coordinate system leads, of course, to exactly the same results, however the components of the different vector
quantities change. The interest for the formulation in the body fixed coordinate system is driven by the possibility to
easily extend the theory to flexible bodies where the additional flexible modes are naturally defined with respect to the
body fixed coordinate system. This work will be presented separately.
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